In this paper, we define some generalized hyperbolic function classes. We also introduce natural metrics in the generalized hyperbolic (p, α)-Bloch and in the generalized hyperbolic Q * (p, s) classes. These classes are shown to be complete metric spaces with respect to the corresponding metrics. Moreover, boundedness and compactness the composition operators C φ acting from the generalized hyperbolic 
Remark . The definition of (p, α)-Bloch spaces is introduced in the present paper for the first time. One should note that, if we put p =  in Definition ., we will obtain the spaces B α and B α, .
Remark . (p, α)-Bloch space is very useful in some calculations in this paper and it can be also used to study some other operators like integral operators (see [] ). Now, let  < p < ∞, we define the hyperbolic derivative by f
If (X,
When p = , we obtain the usual hyperbolic derivative as defined above.
A function f ∈ B(D) is said to belong to the generalized hyperbolic (p,
Let the Green's function of D be defined as g(z, a) = log
is the Möbius transformation related to the point a ∈ D. For  < p, s < ∞, the hyperbolic class Q * (p, s) consists of those functions f ∈ B(D) for which
Moreover, we say that f ∈ Q * (p, s) belongs to the class Q * (p, s, ) if
When p = , we obtain the usual hyperbolic Q class as studied in [, , ]. For any holomorphic self-mapping φ of D, the symbol φ induces a linear composition operator Throughout this paper, C stands for absolute constants which may indicate different constants from one occurrence to the next.
The following lemma follows by standard arguments similar to those outlined in []. Hence we omit the proof. Let  < p, s < ∞, and  < α < . First, we can find a natural metric in B
Lemma . Assume φ is a holomorphic mapping from
where
where Proof
, the family (f n ) is uniformly bounded and hence normal in D. Therefore, there exist f ∈ B(D) and a subsequence (f n j ) ∞ j= such that f n j converges to f uniformly on compact subsets, and by the Cauchy formula, the same also holds for the derivatives. Let m > N . Then the uniform convergence yields 
Hence, d is metric on Q * (p, s).
For the completeness proof, let (f n ) ∞ n= be a Cauchy sequence in the metric space
for all n, m > N . Since f n ∈ B(D) such that f n converges to f uniformly on compact subsets of D. Let m > N and  < r < . Then Fatou's lemma yields
and by letting r →  -, it follows that
This yields
, and thus f ∈ Q * (p, s). We also find that f n → f with respect to the metric of Q * (p, s). The second part of the assertion follows by (). 
Proof First, assume that (i) holds, then there exists a constant C such that
. Let f , g be the functions from Lemma . such that
Thus,
This estimate together with the Fatou's lemma implies (iii). Conversely, assuming that (iii) holds and that f ∈ B * p,α , we see that
Hence, it follows that (i) holds.
(ii) ⇐⇒ (iii). Assume first that C φ : B 
Taking g = , this implies
The assertion (iii) for α =  follows by choosing
Moreover, Lemma . implies the existence of f , g ∈ B * p,α such that
Combining () and (), we obtain
for which the assertion (iii) follows. Assume now that (iii) is satisfied, we have By elementary functional analysis, a linear operator between normed spaces is bounded if and only if it is continuous, and the boundedness is trivially also equivalent to the Lipschitz-continuity. So, our result for composition operators in hyperbolic spaces is the correct and natural generalization of the linear operator theory.
Recall that a composition operator C φ : B On the other hand, by the uniform convergence on compact subsets of D, we can find an N  ∈ N such that for all j ≥ N  ,
